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Bradford
Summer Independent Learning:

A level Further Mathematics

Welcome to A level further maths!
This SIL has 8 sections. Each section should take roughly 60-20 minutes:

e Sections 1-3 are optional preparation. You should complete these (or
parts of these) if you need to revise surds and quadratics from GCSE.

e Sections 4-7 are compulsory. They introduce one of the most important
topics in A level further maths: complex numbers.

e Section 8 is optional. It fies together sections 1-7 and takes them a little
bit further to introduce another further maths topic.

For each section:

e Click the link to watch the video.

e Make a flashcard (you can use the examples in the video to help).

e Answer the questions in the section.

e Check your answers.

e Correct any mistakes and try to write down why you got the wrong
answer.

e Write down any questions you sfill need to ask.

For your first further maths lesson:

e Bring a folder specifically for further maths.
e Bring all summer work.
e Beready to ask your questions and help answer each other’s questions.

Aims of the summer work:

Further maths A level is about a lot more than simply getting the correct
answer. It requires you to question what you already know about maths and
try to look at the abstract structures. Throughout this work you will explore
quadratics — in particular, the roots of quadratics. You will learn what
mathematicians do when they find a quadratic that cannot be solved; or
rather, one that cannot be solved using only real numbers...



Section 1: Simplifying Surds
Video: hitps://youtu.be/M2xDgnetf)8

1 Do not use your calculator for this exercise. Simplify:

a V28 b V72 ¢ V50

e s V12
d v32 e V90 f —.,_

V27 b (12 L e aes
g 3 h v20 +80 i v200+VI8 -v72
i V175 +V63 +2/28 k V28 -2V63 +V7 1 V80 -2/20 +3/45
m 3,80 - 2,20 + 5/45 n % o V12 +3/48 + /75

v

2 Expand and simplify if possible:

a \?(24-\.?) b \3(3—\§) [ \‘5(4—\3)
d 2-V2)3+V95) e 2-V3)3-V7) f 4+V5)2+V5)
g (5-V3)(1-V3) h 4+V3)2-V3) i (7-VIDR2+V1D)

3 Simplify v75 — 12 giving your answer in the form a3, where « is an integer.


https://youtu.be/M2xDgnetfJ8

Answers to Questions

Section 1: Simplifying Surds

1 a 27 b 6,2
e 310 f V3
i 7v2 J 12y7
m 23.5 n 2

2 a 2/3+3
¢ 42410
e 6-27-3/3+/21
g 8-613
i 3+5v11

3 3/3

= " oo e R B

o2 d 4,2
V3 h 6,5
-7 1 95
193

35 -v15

6+2/5-3/2-4y10
13+6/5
5-2v3



Section 2: Rationalising the Denominator of Surds

Video: hitps://youtu.be/qiUbYB86eU0

1 Simplify:
a i_ b ]_ c i_
V3 v1l V2
1’6 lc'g \.ﬁ
e — f —  ———
V48 VB0 V156

2 Rationalise the denominators and simplify:
1 I 1

. 1+\§ 2+x§ . 3—1."?
g on b e
4 -5 2+V5 Ve —=v7
':."ﬁ—\ﬁ 1-:ﬂ+1.ﬁ 15—1'?
k ———— L m— —
V1T +411 val =29 Vv3i—=v2

3 Rationalise the denominators and simplify:

1 1
a — b —_—
(3-v2)° (2+45)°
d 3_ C _I —
(5++2)° (5+v2)3-v2)

Challenge

a Simplify (Va +vb)(Va - Vb).
1 1 1

b Hence show that — + +—_—t...

Vi+V2 V2+V3 V3 +V4
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https://youtu.be/qiUbYB86eU0

Answers to Questions

Section 2: Rationalising the Denominator of Surds

V5 v11 V2
1 a = h == e =
5 1 2
4 2 1 ¢ 1
5 G 3
v13 1
8 13 "3
1-/3 . 37
2 a ) b v5-2 C 5
= 5 v3 (3-\2)(44‘\5'
.; L ) + v r
d 3+5 ¢ 5 ¥
g 5(/5-2) h 54+/18) | Lz”’
5-v21 14 - 187 35+,1189
k —— | —
) -2 3 6
m -1
11+6/2 = 44 + 24,2
3 a “""‘iii"““ ‘) () - 4'. . (‘ . "‘“4{)' R
d 81;23‘;)\2 é 13;;%-2 v 1-1::‘3
J )
Challenge
a a-=5b
5 —l. '\l. —!.: P '-I —I-r:..
p Wi-vel+We—vdl+...+Vek ~v2) w4

-1



Section 3: Methods for Solving Quadratics

Video: https://youtu.be/UikL2lyGLrU

Choose a method to solve each of the following quadratic equations. Once
you have found the two roots can you then add them to find the sum and
multiply them to find the product?e There is a connection between these two

values and the original quadratic.

Quadratic Equation

Method

Roofts

Sum of roots

Product of
roots

x>2+8x+12=0

x2+4x—-15=0

x2-9x—-1=0

2x%2+5x+2

x24+9x—-11=0

2x24+12x—-1=0

3x2+x-2=0

—x2—4x+5=0

4x2-9=0



https://youtu.be/UikL2IyGLrU

Answers to Questions

Section 3: Methods for Solving Quadratics

Quadratic Equation Method Roots Sum of roots | Product of
roots
A x2+8x+12=0 Factorise —6 and — 2 -8 12
B x*+4x—-15=0 Complete the ~2++/19 —4 —15
square
C x2-9x-1=0 Complete the 9 + /85 9 -1
square/formula 2
D 2x% +5x+2 Factorise 1 5 1
— E and — 2 —E
E x2+9x—-11=0 Complete the —9 + 55 -9 —11
square/formula| T o
F 2x*+12x—-1=0 Complete the 34 138 -6 1
square/formula 2 2
G 3x2+x—-2=0 Factorise 1 2 1 2
—1and —= —=
3 3 3
H —x2—4x+5=0 Factorise land -5 -4 -5
| 4x*-9=0 Factorise 3 0 9
—2 4




Section 4: Intro to Complex Numbers

Video: hitps://youtu.be/dlJ6MhE3OYQ

h

Write each of the following in the form hi where b is a real number.
a V-9 b V=49 ¢ V=121 d V=10000 e V=225

V=4Ls
f V=5 g V=12 h /=45 i V=200 j V=147
Simplify, giving your answers in the form a + bi , where a, b € R,
a (5+2)+(8+9) b (4+101)+ (1 - 8i)
¢ (74 6i) + (=3 - 5i) d (5+4)+(G+30)
e (20 + 12i) = (11 + 3i) f 2-1)=(=5+3i)
g (=4 - 6i) - (=8 - 8i) h 3V2+i)=(V2=-i)

i (=2=T)+(1+3)=(=12+1) j (I18+51)=(15=2i)=(3+7i)

Simplify, giving your answers in the form a + bi, where a, b € R,

a 2(7+2i) b 3(8 - 4i)

¢ 23+1)+3(2+1) d 5(4 + 3i) = 4(=1 + 2i)
> 6~ 4i f 15 + 25i

2 5
9+ 11i y —B+3i 7-2i

$73 4 2

Write in the form a + bi, where @ and b are simplified surds.

V2 1+3

Given that z =7 = 61 and w = 7 + 61, find,
in the form a + b1, where ¢, b € R:

az-w b w+:
Giventhat 2y =a+ 9, sy ==3 + hiand =z, =z, =7 + 2i, find @ and b where a, h € R.

Given that 2y =4 +iand z; = 7 = 3i, find, in the form « + bi, where a, b € R:
a -z, b 4z, ¢ 2z, + 5z,

Giventhat z=a + biand w=a - bi, a, b € R, show that:
a =+ wis always real b = - wis always imaginary


https://youtu.be/dIJ6MhE3OyQ

Answers to Questions

Section 4: Intro to Complex Numbers

END O

a 3i b 7i ¢ 11i d 100}
e 15i f 5 g 213 h 3i/5

i 1012 j 7/3

a 13411 b 542 ¢ 44 d 3+2i
¢ 949 f 7-41 g 442 h 2v2 4+ 2i
i 11-8 § O

a 14+4i b 24-121 ¢ 12+51 d 24+7i
e 3-2i f 3+5l g 3+51 h -3L+ii
a 2/2-i/2 b (<1 +V3)+13-3/3) ;

a -12i b 14

a=-10,b=11

a -3+4i b 28-12i ¢ 43-13i

a z2+w=(a+bl)+la->0l)=2a
b z-w=1(a+bl)-{a-bl=2b



Section 5: Solving Quadratics with No Real Roots

Video: https://youtu.be/vBjd4z9gS18

1 Solve each of the following equations. Write your answers in the form +hi.
azl+121=0 b =24+40=0 ¢ 2:24120=0
d 3:24150=38 -z e 22+ 30=-3:2-66 f 6:241=22

2 Solve each of the following equations.
Write your answers in the form a % bi.
a(z-37-9=-16
b 2:-724+30=6
c 16z+1P+11=2

3 Solve each of the following equations. Write your answers in the form a £ bi.
az2+2:2+5=0 b z2-22410=0 c2+4:429=0
d Z2+10:+26=0 e 224+5:425=0 f z224+32+5=0


https://youtu.be/vBjd4z9gS18

Answers to Questions

Section 5: Solving Quadratics with No Real Roots

1 a z=%11i b z=22iv10 ¢ z=22iV15
d z=42iV7 ¢ z2=121V0 I Z:-:""i
2 a z2=321/7 b 2=7221V3 ¢ z=~1273l
3 a z=~122 D z2=12+3i ¢ z=-22 5l
d z2=-52| e X ~.'-:;‘r'i,‘:{ A T LY
- 2 2



Section é: Multiplying Complex Numbers

Video: hitps://youtu.be/ MXkucyKEok

Simplify each of the following, giving your answers in the form a + bi.

a (5+i1)(3+4i) b (6 + 3i)(7 + 2i) e (5=2i)1 + 5i)
d (13-3i)2-8)) e (-3-1)Ed+7) f (8 +5i)°

g (2-91)? h (1+D2+1)3+1)

i (3-20)(5+1)4-20) ioQ2+30)

a Simplify (4 + 5i)(4 = 5i), giving your answer in the form « + bi.

b Simplify (7 = 2i)(7 + 2i), giving your answer in the form « + bhi.

¢ Comment on your answers to parts a and b,

d Prove that (« + bi)(a - bi) is a real number for any real numbers a and b.

3 Given that (a + 3i)(1 + bi) = 25 = 39, find two possible pairs of values for a and b,

4 Write cach of the following in its simplest form.

~N S )

a it b (31)* ¢ 1Y+ d (4i)* - 41
Express (1 +1)" in the form a - bi, where @ and b are integers to be found.
Find the value of the real part of (3 - 2i)*,
f(z)=22-2z+8
Find: a f(2i) b (3 - 6i)
fc)=z2=2417
Show that z =1 = diis a solution to f(z) = 0.
a Given thati' =iandi’= -1, write i’ and i* in their simplest forms,
b Write i i%, 17 and i* in their simplest forms,
¢ Write down the value of:
i P g -


https://youtu.be/_MXkucyKEok

Answers to Questions

Section é: Multiplying Complex Numbers

e

S ENDOLEe W

a 11423 b 364331 ¢ 154231 d 2-110i
e ~H-250 F 39+80i g ~77-36i h 10§

i 540621 j 464+ 9i

a 41 b 53 ¢ They are both real

d (a+ bida ~bi)=a®+ 0, which is real,
a=7,b=<60ra=18b=-%

a -1 b 81 ¢ 2 d -60i
~BLLa=0,0=-8

=119 - 1204, so real partis <119

a -2i b 49 - 66i

Substitute z = 1 - 4i into f12) to get fiz) = 0.
a P=«,i*=1 b P=ii==1{=<i"=]
e i1 i i i



Section 7: Dividing Complex Numbers

Video: https://youtu.be/7HOtFv7 969

1 Write down the complex conjugate z* for:
a z=8+2i z=6-5i ¢c z=3-3

2 Find z + =* and z=* for:

d z=V5+i/10

a z=6-3i z=10+ 5i ¢ z=34qi d z=V5-3i/5
3 Write each of the following in the form «a + bi.
3-35i 3+ 5i 28 - 3i 241
2 133 = ol T
(3-4i)°, X
4 Write T the form x + iy where x, y € R.
5 Giventhatz; =1 +1,z;=2+1and z; = 3 + 1, write each of the following in the form a + hi.
1) (z,)? 25, + 5z
a4 _1‘- b :-l C l :: :
S+2

6 Given that =2 ~1, find z in the form a + bi.


https://youtu.be/7H0tFv7_96g

Answers to Questions

Section 7: Dividing Complex Numbers

T - R s
1 a 8-2i b 64+5i € S5l d /5-i10
e B 2+2*"=12.22*=45 D Z2+2*=20,22*=125
C :+:'=.f.::'-—",: d z+2°=2/5.22*= 50
& 7; 11, 27; . 31 _ 25 6 _ 73
i 17
4 oy - —_,—l
| 4 4 !
S 2 ¢ b £+ ¢ i



Section 8: Roots and Coefficients of Quadratics

Video: hitps://youtu.be/dwzyOBSHk8w

-

The roots of the quadratic equation =? + 2z + 26 = 0 are o and 7.
Find: a oand 3 b a+/ ¢ al

The roots of the quadratic equation =2 — 8z + 25 =0 are o and 4.
Find: a aandd b o+ ¢ al

Given that 2 + 3i is one of the roots of a quadratic equation with real coeflicients,
a write down the other root of the equation
b find the quadratic equation, giving your answer in the form 2> + bz + ¢ =10
where b and ¢ are real constants.
Given that 5 - i is a root of the equation =% + pz + ¢ = 0, where p and ¢ are real constants,
a write down the other root of the equation
b find the value of p and the value of g.

Given that z; = =5 + 4i is one of the roots of the quadratic equation
224 bz + ¢ =0, where b and ¢ are real constants, find the values of b and .

Given that 1 + 2i is one of the roots of a quadratic equation with real coeflicients,
find the equation giving your answer in the form z* + bz + ¢ = 0 where b and ¢
are integers to be found.


https://youtu.be/dwzyOBSHk8w

Answers to Questions

Section 8: Roots and Coefficients of Quadratics

- Lo -

i
i
a

d

-
.
»
-
.-

1

-1 + 51, =1 = 5i b -2 ¢ 20
4+ 314~ 3 b 8 ¢ 25
2-3i b 2~4z+13=0
54

=D=Mz~ 15+1)=0

e lDrllz~B 24D -US4+1D=0
L1024 2020w pe-10,g=206
102 +41 =0

22+ D =)

v
-~
-
.



